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1. INTRODUCTION 
                                                             

The vibratory technologic processes are in fact the useful movements of the friable materials 
and single small parts under influence of vibrations: transportation, metered feeding, sorting, 
mixing and etc.[1-4]. 

The vibratory technologic machines and processes are widely used in metallurgy, construction, 
mining industry, agriculture, chemical industry and confectionaries [5-7]. 

A vibratory technologic process is a dynamically sensitive process in which participate many 
physically different components: vibro-drive, elastic system, working member (absolutely rigid 
or of finite rigidity), diverse friable loads. Dynamical interaction of these components stipulates 
behavior of the friable material on the working member surface.   

The mathematical models of vibratory transportation and technological processes presented in 
the existent researches [1, 2, 5] are mostly simplified. For example, non-linear excitation is 
replaced by harmonic vibrations; reaction of the material on the working member is provided by 
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so called coefficient of connection that is 1/3 of the whole mass; non-working vibrations that 
accompany vibratory technologic processes and have influence on them, are not often taken into 
account neither etc. Because of such approaches many nuances that could be important from the 
standpoint of influence on the process, are ignored. 

Consequently, the attempt is made in the work to create a more or less universal model, where 
more perfect mathematical description of the vibratory transportation and technologic processes 
of the friable materials and study of influence of various parameters on the process would be 
possible.  

2. A DYNAMICAL MODEL 
 

Since a vibratory technologic process is in fact a vibratory movement of the system “vibro-
drive – working member – technologic load”  in space then it is evident that besides pre-
determined working vibrations the working member and consequently technologic load  can be 
subjected to non-working (spatial) vibrations [ 4, 8 ] not envisaged by the calculation. 

This in the first place concerns the spatial, so called parasitic vibrations of the working member 
that can be caused by various factors such as inaccuracy of transmission of the exciting force, 
errors of relative disposition of the vibratory machine units, elastic specificity and etc. 

In Fig.1 is presented a two-mass system “vibro-drive – working member” and are shown 
deviations of the working member caused by various possible errors: I – nominal (designed) 
position of the working member; II – position of the working member considering the errors 
including the eccentricities ex, ey, ez    of displacement of the center of gravity from position O1 to 
point '

1O ; 000 ,, - turnings of the coordinate axes caused by the assembly errors of the 
vibratory machine and transition from position 1111 zyxO  to position  '

1
'
1

'
1

'
1 zyxO  (Fig.1 a, b);    III – 

dynamical (working) position of the working member. System of coordinates   vvvv zyxO  is 
connected to the vibro-drive; 1 – basic elastic system of the vibro-machine; 2 – suspensions of the 
vibro-machine; Q – exciting force; mv, m1 – masses of the vibro-drive and working member.

Fig. 1. 
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In the Fig.2 are shown spatial schemes of the three-mass spatial vibratory system, a generalized 

dynamical model of the vibratory technologic system “vibro-drive – working member – 
technologic load” (Fig.2a), elastic system of the  vibro-drive – working member (Fig.2c) and 
conventional elastic system of the technologic load (Fig.2b). At that, the latter imitating 
phenomenological properties of the friable material is restricted unilaterally by the working 
member surface. 

For full description of the spatial vibratory movement of the presented system it is expedient 
to use classical methods of relative movement of rigid bodies [8]. For this purpose a friction 
material (load) is presented as a rigid body in the form of cube where total mass of the load is 
located and which is provided with conventional elastic elements describing phenomenological 
properties and elastic and damping connections between layers as well as with surfaces of the 
working member [ 4, 9].  

For obtaining general vector expressions of the kinetic energy of a body it is necessary to 
determine absolute movement of a free point of this body. Such points in Fig.2 are Ai (M1), Bi (M2), 
Ci (M3) that are connected to the origins of the own coordinate axes as well as to the origins of 
coordinate axes inertial relative to them. Besides, mass M3  is connected to mass M2 at the center 
of gravity (at the origin of coordinate system). 

Consider expressions of each component part of the three-mass system (Fig, 2a). Vector 
equations of absolute velocities of free points Ai, Bi, Ci of masses M1, M2 and M3 have the form:  

iAi rVV 10101 ; iCi rVV 20202 ; 01 01 3 03 03 3 3 3 3, ( )Bi i i i iV V R V r R R r (1)

Fig. 2. 
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where V01, V02 are translatory velocities of the particles Ai and Ci ; ir1 , ir2 , ir3 – position vectors of the 
particles Ai, Bi, Ci ; O1, O2, O3 – velocities of rotary movement of masses M1, M2 and M3; V03 –
velocity of relative movement of mass M3; ir1 , ir2 , ir3 - position vectors of points Ai, Bi, Ci relative to 
the origins of the proper coordinate axes.

Consequently, the vector expressions of kinetic energies of masses M1, M2 and M3 will have the 
form (is shown kinetic energy of mass M1 only):

)]()([
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i rVrVMT ,                                  (2)             

where M1i, M2i, M3i are masses of the particles Ai, Bi, Ci .
The vector expressions are converted into the analytical form with the help of the direction cosines 

and Euler’s angles [8]. Then they (T1, T2, T3) are reduced on the coordinate axes of the working 
member (M1).

Kinetic energy of mass M1 relative to the coordinate system "
1

"
1

"
1

"
1 zyxO has the following form:
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where 111111 ,,,,, zyx are linear and angular displacements of the center O2 of mass M2; 111 ,, zyx JJJ

- moments of inertia of mass M2 about axes 1111 zyxO .
Similar forms will have kinetic energies of masses M2 and M3.

 
3. EQUATIONS OF SPATIAL MOVEMENT OF THE 
WORKING MEMBER AND TECHNOLOGIC LOAD 

The main difference between the system under research – vibratory technologic machine  and 
classical n-mass system is stipulated by the following aspects: 1) Specificity of mass M3 (load) 
performing relative movement with respect to mass M1; 2) Predetermined location relative to each 
other of masses M1, M2, M3 (vibro-drive, working member, load); 3) Pecularity of interaction of 
masses M1 and M3.

On the base of method of Lagrange we  obtain the following differential equations of spatial 
movement of the system 

'
. )( qq QQ

q
T

q

T
dt
d , (4) 

 
where T is the system kinetic energy; q – generalized coordinate that takes the values  

;,,,,,;,,,,, 222222111111 zyxzyx ;,,,,, 333333 zyx qQ - elastic and resistant forces 

stipulated by the machine elastic and damping system;  '
qQ - forces that are not related with 

deformations of the elastic system or inertness of masses of the vibratory system under consideration 
(external exciting forces, forces of gravity, external forces resistant forces of the friction type and etc).
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For illustration of the proposed approach consider a vibratory feeder with electromagnetic vibro-
exciter (Fig.3) and its mathematical model with some assumptions. Namely, influence of the material 
on the working member dynamics will not be taken into account (kinetic and potential terms in the 
working   member equations are presented in the linear form in contrast to the equations of the load, 
where kinetic terms are presented by the products of second order of the working member coordinates, 
their velocities and accelerations).  

The research considers influence of the machine design errors and non-working spatial vibrations 
on the friable material vibratory movement.  

 
 
 
 

Fig. 3. The errors of the force transmitted
to the working member

 
 

 
 

The equations of the working member will have the form 
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where , , , , ,x y zc c c c c c , qQ are coefficients of damping of the elastic system;

kkkkkk zyx ,,,,, - coefficients of rigidity; '''''' ,,,,, kkkkkk zyx - coefficients relating lateral-rotary 
and longitudinal-torsional vibrations; Q = Q0 f (t), Q0 – coefficient of the exciting forcr; f (t) – regularity of 
variation of the exciting force.

Spatial vibratory movement along the coordinate axes will have the following form

);(

)]sincos()sincos(2

2sin)(cos)([

3

.

3
'

3

.

10101
..

1011

..

3

.

1

.

3
.

1

.

31111
..

11

..

111

..

11
..

1

..

3

..

3

ysignfN

yCyBaazaaxx

zzazxaxzyyM

z

             6  

,cos)(

]cossin2

2sin)(cos)([

133
.

33
.

'
1

.
1

.

101

..

101

..

101
..

1

.

3

.

.

13

.

1

..

3

..

11111
..

1

..

111

..
1

..
3

..

3

agMzsignfN

CzzExEZDyaxazx

yyyazxaxzzM

y

 

Annals of Agrarian Science 17 (2019)  277 – 285



282

where coefficients A, B, B1, C”, D, E, E1, C characterize state of the load relative to the working   
member surface (movement together with the surface or separately from it) and vary properly; 

),,( 1
.

3
.

3 zzzfN z , ),,( 1

.

3

.

3 yyyfN y - forces of the material normal reaction whose coefficients 
vary similarly to the above mentioned.

Equations (6) differ from generalized equations of the material spatial movement [4] by the terms 
generated from the errors of  0 0 0, , .

);,('
1 txQQx (7)

where ),( txQ is a nonlinear exciting force;

2AQ ; )()( 11

.
xCtBF ;

– electromagnetic flow; A, B, C - coefficients  depending  on  parameters  of  the electromagnetic 
vibro-exciter; – clearence of the electromagnet.

The system of equations was solved by the method of Runge-Kutta in the following limits of 
errors: for  angular  deviations 000 ,, = ( 0 - 0,15) rad; for  deviations  of the force direction

zyx eee ,, = (0 – 0,015) m.
For greater visualization of influence of the mentioned deviations on the process the vibrations 

were enhanced in one concrete direction or another by resonating with the exciting force (in 
combination of variation of the errors).

Below are given some results of the modeling (Fig. 4-7), where are shown dependences of the 
material velocity V and other dynamical characteristics (z3, y3, Nz , Ny) on the non-working vibrations 
(y1, 1,  z1,  caused by the working member design errors ( 000 ,, , 000 ,, eee ).

 

Fig. 4. 3 000 ,, . 
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Fig. 7. 3 3 zyx eee ,,

Fig. 6. 3 zyx eee ,,

Fig. 5. 3 N 000 ,,
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 4.1. CONCLUSION

1. The considered approach and a mathematical model of spatial movement of the 
system “vibro-drive – working member – friable load” allows to realize complex 
research into the vibratory technologic process by the mathematical modeling;

2. Design errors of the vibratory transportation technologic machine have an 
influence on the process that is more expressed in the resonant machines;

3. The errors at their certain combination can promote improvement of the process 
indices (velocity for example, Fig.5) that may be realized in the machine.
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